The notion of spectral automorphism of an orthomodular lattice was introduced by Ivanov and Caragheorgheopol (Int. J. Theor. Phys. 49(12):3146-3152, 2010) to create an analogue of the Hilbert space spectral theory in the abstract framework of orthomodular lattices. We develop the theory of spectral automorphisms finding previously missing characterizations of spectral automorphisms, discussing several examples and the possibility to construct such automorphisms in direct products or horizontal sums of lattices. A factorization of the spectrum of a spectral automorphism is found. The last part of the paper addresses the problem of the unitary time evolution of a system from the point of view of the spectral automorphisms theory. An analogue of the Stone theorem concerning strongly continuous one-parameter unitary groups is given.
Introduction
In the classical Hilbert-space formulation of quantum mechanics, observables are represented by self-adjoint operators, the spectral values of which are interpreted as possible outcomes of the measurements of the observable. By spectral resolution, observables may be replaced by the corresponding projection-valued spectral measures (see, e.g., [2, 7] ) with values in the set P(H ) of projection operators on the Hilbert space H associated to the quantum system under investigation. Since projection operators on H can be interpreted as "yes-no" propositions about the quantum system, we consider the orthomodular lattice structure, which is the most natural abstraction of the important properties of the lattice of projection operators, as the appropriate "logic" associated to the quantum system (see, e.g., [1, 5, 6] ).
Spectral automorphisms of orthomodular lattices were introduced by Ivanov an Caragheorgheopol [3] with the intention to obtain an analogue of the Hilbert space spectral theory in the more general framework of orthomodular lattices and by this to show to which extent Hilbert space specific tools are needed. The aforementioned paper's focus is on introducing the new notion of spectral automorphism, as well as showing its relevance to the declared purpose, e.g., by proving an analogue of the finite dimensional spectral theorem in the framework of orthomodular lattices.
In this follow-up paper, we further develop the theory of spectral automorphisms in orthomodular lattices. The next section is dedicated to basic definitions and some well-known, but useful facts. In the third section we recall the heuristics behind the spectral automorphism notion and some of the proven facts about spectral automorphisms. We also show various examples of spectral automorphisms. The fourth part of the paper is devoted to the study of spectral automorphisms of a product or horizontal sum of orthomodular lattices. A factorization of the spectrum of a spectral automorphism is also discussed. In the fifth section, we present (previously missing) characterizations of spectral automorphisms, along with a necessary and a sufficient condition for an automorphism to be spectral. In the last section, properties of spectral families of automorphisms are discussed and an analogue in the framework of orthomodular lattices of the Stone theorem concerning strongly continuous uniparametric groups of unitary operators is obtained.
Basic Notions and Properties
Let us recall some basic facts about orthomodular lattices that will be needed in the sequel. For full details and proofs of the following statements, we refer to [4, 6] . Definition 2.1 An orthomodular lattice is a structure (L, ≤, , 0, 1) with 0 = 1 such that:
(1) (L, ≤) is a bounded lattice, with the least element 0 and the greatest element 1; (2) the unary operation on L is an orthocomplementation, i.e., (i)
For simplicity, we shall use the notation L for an orthomodular lattice. Elements a, b of an orthomodular lattice are orthogonal (denoted by a ⊥ b) if a ≤ b (i.e., b ≤ a ). An atom of an orthomodular lattice L is a minimal non-zero element of L. A lattice L is atomic if every element of L dominates an atom of L. Every atomic orthomodular lattice is atomistic, i.e., every its element is the least upper bound of the set of atoms it dominates.
The trivial orthomodular lattice is the smallest possible orthomodular lattice {0, 1}. An orthomodular lattice L is complete if the supremum (hence also the infimum) of arbitrary subsets exists in L. A subortholattice of L is a subset of L containing {0, 1} and closed under the operations ∧ and (and therefore ∨, too) with the operations inherited from L.
